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

r(x)ytt −
(
Ir(x)yttx

)
x

+
(
EI(x)yxx

)
xx

= 0,
y(0, t) = yx(0, t) = 0,
−EI(1)yxx(1, t) = L1(yt, yxt, yx),(
EI(.)yxx(1, t)

)
x

− Ir(1)yttx(1, t) = L2(yt, yxt, y),
y(x, 0) = y0(x), yt(x, 0) = y1(x),

(1.1)
where:
• y(x, t) denotes the transverse displacement at po-

sition x and time t;
• r(x) represents the mass density per unit length;
• EI(x) is the flexural rigidity;
• Ir(x) is the mass moment of inertia.
The coefficient functions r(x), Ir(x), and EI(x)

are assumed to be of class C4 on the interval [0, 1].
Throughout this paper, subscripts denote partial deriva-
tives with respect to time and space. We further assume
the following positivity conditions for all x ∈ [0, 1]:

r(x) > 0, Ir(x) > 0, EI(x) > 0. (1.2)

In addition, at the free end (x = 1), the beam is sub-
ject to a moment control L1 and a force control L2.
Specifically, L1 is a linear combination of the velocity
(yt), angular velocity (yxt), and rotation angle (yx),
while L2 combines the velocity, rotational velocity, and
displacement (y):{
L1(yt, yxt, yx) = (κ11yt + κ12yxt + αyx) (1, t),
L2(yt, yxt, y) = (κ21yt + κ22yxt + βy) (1, t).

(1.3)

The control coefficients α, β, κ11, κ22, κ12, κ21 are
non-negative constants satisfying:

α, β ≥ 0, κ11, κ12, κ21, κ22 > 0
and 4κ12κ21 > (κ11 + κ22)2.

(1.4)

Similar boundary conditions have been studied for the
stability of Euler-Bernoulli beams in [2, 3]. However,
the present work is the first to extend this approach to
the Rayleigh case.
The total energy associated with system (1.1) is defined
by:

E(t) = 1
2

(∫ 1

0
r(x)|yt|2 dx+

∫ 1

0
Ir(x)|ytx|2 dx

+
∫ 1

0
EI(x)|yxx|2 dx

+ α|yx(1, t)|2 + β|y(1, t)|2
)
.

A straightforward calculation shows that the time
derivative of the energy is:

d

dt
E(t) = −

(
κ21|yt(1, t)|2 + κ12|yxt(1, t)|2

+ (κ22 + κ11)|yt(1, t)yxt(1, t)|
)

≤ 0.

Under the condition (1.4), the quadratic form in the
expression above is positive, ensuring that d

dt
E(t) ≤ 0.

Consequently, the energy E(t) is non-increasing.
The stabilization of system (1.1) has been inves-

tigated using various types of control laws. In [4–6],
the authors considered the laws L1(yxt) = κ12yxt(1, t)
and L2(yt) = κ21yt(1, t), addressing both uniform and
non-uniform Rayleigh beam problems. In both cases,
they established the Riesz basis property and the expo-
nential stability of the system. We recall that the Riesz
basis property implies that the generalized eigenvectors
of the system constitute an unconditional basis for the
Hilbert space. Other studies have focused on the per-
turbed version of system (1.1). In [7], Wang and Yung
examined a damped case with zero boundary controls,
proving that the system is exponentially stable under
certain conditions. Furthermore, Kouassi et al. [8] re-
cently investigated the perturbed system (1.1) through
the control laws L1(yxt, yx) = (κ12yxt + αyx)(1, t) and
L2(yt, y) = (κ21yt + βy)(1, t). These authors derived
the asymptotic expressions for the eigenvalues and es-
tablished both the Riesz basis property and exponential
stability.
In contrast to [5–8], which focus solely on decoupled
control laws for either rotational or linear velocity at
the free end, this study introduces a full family of
coupled boundary controls (1.3) that simultaneously
include velocity and rotational velocity. To analyze
system (1.1) under these general boundary controls, we
impose conditions (1.4) to ensure energy dissipativity.

The primary objective of this work is to demon-
strate that the system remains exponentially stable
under the boundary controls (1.3). The novelty of
our approach lies in the generalization of several ex-
isting results through a judicious selection of control
parameters. This generalization leads to new spectral
challenges, particularly in the analysis of the charac-
teristic determinant and the precise characterization
of exponential stability. To address the technical chal-
lenges encountered, we employ a spectral method and
integrate the techniques developed in [9, 10]. Finally,
we establish the Riesz basis property and prove that
the system is exponentially stable if κ11 = κ22 holds.

The paper is organized as follows. After presenting
the well-posedness in Section 2., we perform a spectral
analysis of the system operator in Section 3.. Section 4.
is dedicated to establishing the Riesz basis property and
demonstrating the stability of the system. In Section 5.,
using the finite element method, we present numerical
simulations that enable us to study the spectrum of
the system and the effect of the control parameters
on the system’s stability. We provide a comparative
discussion in Section 6. and some concluding remarks
in Section 7..
2. Well-posedness

In this section, we establish the well-posedness of
problem (1.1). To this end, we introduce the following
Hilbert spaces:

H1
e (0, 1) = {u ∈ H1(0, 1) : u(0) = 0},

∥u∥2
H1

e
=
∫ 1

0

(
r(x)|u|2 + Ir(x)|ux|2

)
dx, and
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H2
e (0, 1) ={u ∈ H2(0, 1) : u(0) = ux(0) = 0},

∥u∥2
H2

e
=
∫ 1

0
EI(x)|uxx|2dx+ α|ux(1)|2 + β|u(1)|2.

We consider the energy space: H = H2
e ×H1

e , equipped
with the inner product defined for
U = (u1, u2) ∈ H and V = (v1, v2) ∈ H by:

⟨U, V ⟩H =
∫ 1

0
r(x)u2(x)v2(x)dx

+
∫ 1

0
Ir(x)(u2)x(x)(v2)x(x)dx

+
∫ 1

0
EI(x)(u1)xx(x)(v1)xx(x)dx

+ α(u1)x(1)(v1)x(1) + βu1(1)v1(1).

Identifying L2(0, 1) with its dual, we have the following
continuous embedding:

H2
e ⊂ H1

e ⊂ L2(0, 1) ⊂ H−1
e ⊂ H−2

e ,

where H−1
e and H−2

e are the dual spaces of H1
e and

H2
e , respectively.

Now, let y be a smooth solution of system (1.1).
Then multiplying the first equation of (1.1) by a func-
tion ϕ ∈ H2

e and integrating by parts over [0, 1], we
get:∫ 1

0
r(x)ytt(x)ϕ(x)dx+

∫ 1

0
Ir(x)yttx(x)ϕx(x)dx

−
[
Ir(x)yttx(x)ϕ(x)

]1

0
+
∫ 1

0
EI(x)yxx(x)ϕxx(x)dx

+
[
(EI(x)yxx(x))xϕ(x)

]1

0
−
[
EI(x)yxx(x)ϕx(x)

]1

0

= 0.

By substituting the boundary conditions from (1.1)
into the terms above, we obtain:∫ 1

0
r(x)ytt(x)ϕ(x)dx+

∫ 1

0
Ir(x)yttx(x)ϕx(x)dx

+
∫ 1

0
EI(x)yxx(x)ϕxx(x)dx+ κ21yt(1)ϕ(1)

+ κ22yxt(1)ϕ(1) + βy(1)ϕ(1) + κ11yt(1)ϕx(1)
+ κ12yxt(1)ϕx(1) + αyx(1)ϕx(1) = 0.

(2.1)

To facilitate the analysis, we define the linear operators
Â, F̂ ∈ L(H2

e , H
−2
e ) and B̂, Ĉ, D̂, Ê ∈ L(H1

e , H
−1
e )

as follows:
⟨Âϕ, ψ⟩ =

∫ 1

0
EI(x)ϕxx(x)ψxx(x) dx

+ βϕ(1)ψ(1) + αϕx(1)ψx(1), ∀ϕ, ψ ∈ H2
e ,

⟨Ĉϕ, ψ⟩ =
∫ 1

0
r(x)ϕ(x)ψ(x) dx

+
∫ 1

0
Ir(x)ϕx(x)ψx(x) dx, ∀ϕ, ψ ∈ H1

e ,

⟨B̂ϕ, ψ⟩ = ϕ(1)ψ(1), ∀ϕ, ψ ∈ H1
e ,

⟨D̂ϕ, ψ⟩ = ϕx(1)ψ(1), ∀ϕ, ψ ∈ H1
e ,

⟨Êϕ, ψ⟩ = ϕ(1)ψx(1), ∀ϕ, ψ ∈ H1
e ,

⟨F̂ ϕ, ψ⟩ = ϕx(1)ψx(1), ∀ϕ, ψ ∈ H2
e . (2.2)

By means of the Lax-Milgram theorem [11], we see
that Â (resp. Ĉ) is the canonical isomorphism from H2

e

onto H−2
e and from H1

e onto H−1
e respectively. With

these operators, the system (1.1) can be written as a
variational equation:

⟨Ĉytt, ψ⟩ + ⟨Ây, ψ⟩ + κ21⟨B̂yt, ψ⟩

+ κ22⟨D̂yt, ψ⟩ + κ11⟨Êyt, ψ⟩

+ κ12⟨F̂ yt, ψ⟩ = 0

(2.3)

for ψ ∈ H2
e ∩H4. More simply, we have:

⟨Ĉytt, ψ⟩ + ⟨Ây, ψ⟩ + ⟨Â0yt, ψ⟩ = 0,

where Â0 is the operator defined by:

Â0 = κ21B̂ + κ22D̂ + κ11Ê + κ12F̂ .

Next, to characterize the evolution system, we intro-
duce the linear unbounded operator A, which is defined
on its domain D(A) by:

D(A) =


(
u

v

)
∈ H : v ∈ H2

e ,

Âu+ Â0v ∈ H−1
e

 , (2.4)

and acting as follows:

A

[
u

v

]
=
(

v

−Ĉ−1
(
Âu+ Â0v

)) . (2.5)

By setting Y (t) = (y, yt), the system (2.3) can be
rewritten in the evolution form:
dY (t)
dt

= AY (t), t > 0,
Y (0) = Y0 ∈ H.

(2.6)

Before stating the main result of this section, we present
two preliminary lemmas that will be used throughout
this paper.

Lemma 2.1. Let ϕ ∈ C and ψ ∈ C, we have the
following equalities:

Re
(
ψ(1)ϕ(1)

)
=Re

(
ψ(1)ϕ(1)

)
,

Im
(
ψ(1)ϕ(1)

)
= − Im

(
ψ(1)ϕ(1)

)
,

Re
(
ψ(1)ϕ(1)

)
=Reψ(1) × Reϕ(1)

−Imψ(1) × Imϕ(1),

Im
(
ψ(1)ϕ(1)

)
=Reψ(1) × Imϕ(1)

+Imψ(1) × Reϕ(1)

where ϕ(1) is the conjugate of ϕ(1).
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Proof. The results follow by decomposing ψ(1) and
ϕ(1) into their real and imaginary parts: ψ(1) =
Reψ(1) + iImψ(1) and ϕ(1) = Reϕ(1) + iImϕ(1).

Lemma 2.2. Let ϕ, ψ ∈ C. Assume that (1.4) holds
and (ϕ(1), ψ(1)) ̸= (0, 0). Then:

κ21|ϕ(1)|2 + κ12|ψ(1)|2 + (κ11 + κ22)Re
(
ψ(1)ϕ(1)

)
> 0.

(2.7)

Proof. We distinguish two cases based on the sign of
Re
(
ψ(1)ϕ(1)

)
.

Case 1: Assume that Re
(
ψ(1)ϕ(1)

)
≥ 0.

Since κ11, κ12, κ21, κ22 > 0, the inequality (2.7) holds
trivially.
Case 2: Assume that Re

(
ψ(1)ϕ(1)

)
< 0. From (1.4)

we have:

2κ
1
2
12 κ

1
2
21 > (κ11 + κ22). (2.8)

Multiplying (2.8) by Re
(
ψ(1)ϕ(1)

)
we have:

2κ
1
2
12 κ

1
2
21Re

(
ψ(1)ϕ(1)

)
< (κ11 + κ22)Re

(
ψ(1)ϕ(1)

)
.

It follows that:

κ21|ϕ(1)|2 + 2κ
1
2
12 κ

1
2
21Re

(
ψ(1)ϕ(1)

)
+ κ12|ψ(1)|2

< κ21|ϕ(1)|2 + κ12|ψ(1)|2 + (κ11 + κ22)Re
(
ψ(1)ϕ(1)

)
.

By expanding the left-hand side into real and imaginary
parts, we obtain:

κ21|ϕ(1)|2 + 2κ
1
2
12 κ

1
2
21Re

(
ψ(1)ϕ(1)

)
+ κ12|ψ(1)|2

=κ21
[
Reϕ(1)

]2+2κ
1
2
12 κ

1
2
21
[
Reψ(1)Reϕ(1)

]
+ κ12

[
Reψ(1)

]2+κ21
[
Imϕ(1)

]2
+ 2κ

1
2
12 κ

1
2
21
[
Imψ(1)Imϕ(1)

]
+ κ12

[
Imψ(1)

]2
=
[
κ

1
2
21Reϕ(1) + κ

1
2
12Reψ(1)

]2

+
[
κ

1
2
21Imϕ(1) + κ

1
2
12Imψ(1)

]2
.

Since this sum of squares is non-negative (and strictly
positive for (ϕ(1), ψ(1)) ̸= (0, 0)), the proof is com-
plete.

We now establish the main result of this section.
Specifically, we characterize the properties of the oper-
ator A as follows.

Theorem 2.1. Let A : D(A)(⊂ H) → H be defined
by (2.4)–(2.5). Then A is a densely defined closed dis-
sipative operator with 0 ∈ ρ(A), and consequently, A
generates a C0-semigroup of contractions.

Proof. First, we show that A is dissipative. For any
U = (y, yt)T ∈ D(A) we have:

⟨AU,U⟩H =
〈(

yt

−Ĉ−1
(
Ây + Â0yt

)) ,( y
yt

)〉
H

.

Expanding ⟨AU,U⟩H yields:

⟨AU,U⟩H =
∫ 1

0
EI(x)ytxx(x)yxx(x)dx+ αyxt(1)yx(1)

+ βyt(1)y(1) −
∫ 1

0
r(x)Ĉ−1

(
Ây + Â0yt

)
ytdx

−
∫ 1

0
Ir(x)Ĉ−1

(
Ây + Â0yt

)
x
ytxdx

= ⟨Âyt, y⟩ −
〈
Ĉ
(
Ĉ−1

(
Ây + Â0yt

))
, yt

〉
= ⟨Âyt, y⟩ − ⟨Ây + Â0yt, yt⟩

= ⟨Âyt, y⟩ − ⟨Ây, yt⟩ − ⟨Â0yt, yt⟩.

Since

⟨Â0yt, yt⟩ =κ21⟨B̂yt, yt⟩ + κ22⟨D̂yt, yt⟩ + κ11⟨Êyt, yt⟩

+ κ12⟨F̂ yt, yt⟩,

therefore:

⟨AU,U⟩H = ⟨Âyt, y⟩ − ⟨Âyt, y⟩ − κ21|yt(1)|2 − κ11yt(1)yxt(1)
− κ12|yxt(1)|2 − κ22yxt(1)yt(1).

From above and (2.7) we conclude that:

Re⟨AU,U⟩H = −
(
κ21|yt(1)|2 + κ12|yxt(1)|2

+ (κ11 + κ22)Re
(
yxt(1)yt(1)

))
≤ 0,

which proves that A is dissipative.
Next, we show that 0 ∈ ρ(A). We look for (f, g)T ∈ H
such that:

A(u, v)T = (f, g)T ,

which implies that:

f = v, g = −Ĉ−1
(
Âu+ Â0v

)
.

Therefore, for any φ ∈ H2
e ,

⟨Âu+ Â0v, φ⟩ = −⟨Ĉg, φ⟩.

Substituting v = f into above equation yields:

⟨Âu, φ⟩ = −⟨Â0f, φ⟩ − ⟨Ĉg, φ⟩.

In variational form, this is equivalent to finding u ∈ H2
e

such that:

a(u, φ) = L(φ), φ ∈ H2
e , (2.9)

where the bilinear form a(·, ·) and the linear form L(·)
are defined by:

a(u, φ) = ⟨Âu, φ⟩,

L(φ) = −⟨Â0f, φ⟩ − ⟨Ĉg, φ⟩

= −⟨Ĉg + κ21B̂f + κ22D̂f + κ11Êf + κ12F̂ f, φ⟩.
For any φ ∈ H2

e , we have:

a(φ,φ) = ∥φ∥2
H2

e
.
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Since a(φ,φ) = ∥φ∥2
H2

e
, the form a(·, ·) is continuous

and coercive on H2
e . Furthermore, L(·) is a continuous

linear functional on H2
e . By the Lax-Milgram theorem,

there exists a unique u ∈ H2
e satisfying (2.9). Thus,

0 ∈ ρ(A). The rest of the theorem follows from the
general theory of C0-semigroups (see [12]).

In addition, we have the following characterization
of the space D(A) (see [13]).

Lemma 2.3. Let (u, v)T ∈ H. Then (u, v)T ∈ D(A)
if and only if u ∈ H3 ∩ H2

e and v ∈ H2
e such that the

following boundary conditions hold:(
EI(z)u′′(z)

)′∣∣∣
z=1

− βu(1) − κ21v(1)

− κ22v
′(1) + Ir(z)

(
Ĉ−1

[
Âu+ κ21B̂v

+ κ22D̂v + κ11Êv + κ12F̂ v
])′∣∣∣

z=1
= 0,

and

EI(1)u′′(1) + αu′(1) + κ11v(1) + κ12v
′(1) = 0.

Then, A−1 is a compact operator on H.

Proof. The sufficiency is obvious. To prove the neces-
sity, let (u, v)T ∈ D(A) be such that

A(u, v)T = (f, g)T ∈ H.

This leads to:

f = v and g = −Ĉ−1(Âu+ Â0v).

Since g ∈ H1
e and Ĉ : H1

e → H−1
e is an isomorphism,

it follows that:

Âu+ Â0f = −Ĉg in H−1
e ⊂ H−2

e .

Thus, for all ψ ∈ H2
e , we have:∫ 1

0
EI(z)u′′(z)ψ′′(z)dz + βu(1)ψ(1)

+
∫ 1

0
r(z)g(z)ψ(z)dz +

∫ 1

0
Ir(z)g′(z)ψ′(z)dz

+ αu′(1)ψ′(1) + κ21f(1)ψ(1) + κ22f
′(1)ψ(1)

+ κ11f(1)ψ′(1) + κ12f
′(1)ψ′(1) = 0.

(2.10)

For any ϕ ∈ C∞
0 (0, 1), let ψ(z) =

∫ z

0
ϕ(s)ds with

ψ(1) = 0. Substituting ψ into (2.10), we obtain:∫ 1

0
EI(z)u′′(z)ϕ′(z)dz + βu(1)

∫ 1

0
ϕ(z)dz

+
∫ 1

0
ϕ(z)dz

∫ 1

z

r(s)g(s)ds

+
∫ 1

0
Ir(z)g′(z)ϕ(z)dz + κ21f(1)

∫ 1

0
ϕ(z)dz

+ κ22f
′(1)

∫ 1

0
ϕ(z)dz = 0.

Differentiating the first term, we deduce that:∫ 1

0

(
EI(z)u′′(z)

)′
ϕ(z)dz

=
∫ 1

0

[
βu(1) + κ21f(1) + κ22f

′(1)

+
∫ 1

z

r(s)g(s)ds+ Ir(z)g′(z)
]
ϕ(z)dz,

for all ϕ ∈ H2
e . Therefore,(

EI(z)u′′(z)
)′

=βu(1) + κ21f(1) + κ22f
′(1)

+
∫ 1

z

r(s)g(s)ds+ Ir(z)g′(z).
(2.11)

Since
(
EI(z)u′′(z)

)′
∈ L2(0, 1) and EI ∈ C4([0, 1]), it

follows that u ∈ H3 ∩H2
e .

In particular, by evaluating (2.11) at z = 1, we get:(
EI(z)u′(z)

)′∣∣∣
z=1

= βu(1) + κ21f(1) + κ22f
′(1)

+ Ir(z)g′(z)
∣∣∣
z=1

(2.12)

Substituting f = v and the definition of g into (2.12)
yields the first boundary condition:(

EI(z)u′′(z)
)′∣∣∣

z=1
− βu(1) − κ21v(1)

− κ22v
′(1) + Ir(z)

(
C−1

[
Âu+ Â0f

])′∣∣∣
z=1

= 0.

Similarly, by choosing ϕ ∈ H1
e such that ϕ(1) = 1

and defining ψ(z) =
∫ z

0
ϕ(s)ds, we substitute this into

(2.10) to obtain:∫ 1

0
EI(z)u′′(z)ϕ′(z)dz + αu′(1) + κ11f(1) + κ12f

′(1)

+
∫ 1

0

[
βu(1) + κ21f(1) + κ22f

′(1)

+
∫ 1

z

r(s)g(s)ds+ Ir(z)g′(z)
]
ϕ(z)dz = 0.

Using (2.11) and f = v, we have:∫ 1

0

(
EI(z)u′′(z)ϕ(z)

)′
dz + αu′(1) + κ11f(1) + κ12f

′(1) = 0.

Integrating the above equation by parts, we obtain:

EI(1)u′′(1) + αu′(1) + κ11v(1) + κ12v
′(1) = 0.

which is the second boundary condition.
Finally, since A−1 exists, the Sobolev Embedding The-
orem ensures that A−1 is a compact operator on H.
Consequently, the spectrum of A consists essentially of
isolated eigenvalues of finite multiplicity, distributed in
the complex plane as conjugate pairs.
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3. Spectral analysis of the operator A
In this section, we investigate the eigenvalue prob-

lem associated with the operator A to characterize
the behavior of its spectrum. Following the approach
developed in [6], let λ ∈ σ(A) be an eigenvalue and
(ϕ, λϕ)T ∈ D(A) be the corresponding eigenfunction.
Then, ϕ satisfies the following boundary value problem
for x ∈ [0, 1]:

λ2r(x)ϕ(x) − λ2(Ir(x)ϕ′(x)
)′ +

(
EI(x)ϕ′′(x)

)′′ = 0,
ϕ(0) = ϕ′(0) = 0,
−EI(1)ϕ′′(1) = κ11λϕ(1) + (κ12λ+ α)ϕ′(1),(
EI(.)ϕ′′)′(1) − λ2Ir(1)ϕ

′
(1) = κ22λϕ

′(1)
+(κ21λ+ β)ϕ(1).

(3.1)

Expanding the derivatives in (3.1), we obtain:

ϕ(4)(x) + 2EI ′(x)
EI(x) ϕ′′′(x) + EI ′′(x)

EI(x) ϕ
′′(x)

−λ2
( Ir(x)
EI(x)ϕ

′′(x) + I
′

r(x)
EI(x)ϕ

′(x)

− r(x)
EI(x)ϕ(x)

)
= 0,

ϕ(0) = ϕ′(0) = 0,
EI(1)ϕ′′(1) + κ12λϕ

′(1) + αϕ′(1)
+κ11λϕ(1) = 0,

EI(1)ϕ′′′(1) + EI ′(1)ϕ′′(1) − λ2Ir(1)ϕ
′
(1)

−κ22λϕ
′(1) − κ21λϕ(1) − βϕ(1) = 0.

(3.2)

Following the approach in [5–7], we transform the coef-

ficient Ir(x)
EI(x) of ϕ′′ into a uniform form by introducing

a spatial scale transformation:

f(z) := ϕ(x), and

z := 1
h

∫ x

0

(
Ir(ξ)
EI(ξ)

) 1
2

dξ,
(3.3)

where

h =
∫ 1

0

(
Ir(ξ)
EI(ξ)

) 1
2

dξ.

Under this transformation, a straightforward derivation
shows that ϕ satisfies:

ϕ′(x) = zx(x)f ′(z(x))
ϕ′′(x) = zxx(x)f ′(z(x)) + z2

x(x)f ′′(z(x))
ϕ′′′(x) = zxxx(x)f ′(z(x)) + z3

x(x)f ′′′(z(x))
+ 3zx(x)zxx(x)f ′′(z(x))

ϕ(4)(x) = zxxxx(x)f ′(z(x)) + z4
x(x)f (4)(z(x))

+
(
3z2

xx(x) + 4zx(x)zxxx(x)
)
f ′′(z(x))

+ 6zxx(x)z2
x(x)f ′′′(z(x)).

After substitution, f satisfies the following system for
z ∈ [0, 1]:

f (4)(z) + a1(z)f ′′′(z) + a2(z)f ′′(z)
+a3(z)f ′(z) − h2λ2

[
f ′′(z)

+b1(z)f ′(z) − b2(z)f(z)
]

= 0,
f(0) = f ′(0) = 0,
c21f

′′(1) + c22f
′(1) + c23κ12λf

′(1)
+c23αf

′(1) + κ11λf(1) = 0,
c11f

′′′(1) + c12f
′′(1) + c13f

′(1)
−λ2c14f

′(1) − κ22c15λf
′(1)

−κ21λf(1) − βf(1) = 0,

(3.4)

where

a1(z) = 6zxx

z2
x

+ 2EI ′(x)
zxEI(x) ,

a2(z) = 3z2
xx

z4
x

+ 4zxxx

z3
x

+ 6zxxEI
′(x)

z3
xEI(x) + EI ′′(x)

z2
xEI(x) ,

a3(z) = zxxxx

z4
x

+ 2zxxxEI
′(x)

z4
xEI(x) + zxxEI

′′(x)
z4

xEI(x) ,

b1(z) = zxx

z2
x

+ I ′
r(x)

h2z3
xEI(x) = zxx

z2
x

+ I ′
r(x)

zxIr(x) ,

b2(z) = r(x)
h2z4

xEI(x) = r(x)
z2

xIr(x) ,

c11 = z3
x(1)EI(1), c14 = Ir(1)zx(1)

c12 = 3zx(1)zxx(1)EI(1) + z2
xEI

′(1),
c13 = zxxx(1)EI(1) + zxx(1)EI ′(1),
c15 = zx(1), c21 = z2

x(1)EI(1),
c22 = zxx(1)EI(1), c23 = zx(1),

zx = 1
h

(
Ir(x)
EI(x)

) 1
2

, z2
x = Ir(x)

h2EI(x)

zxx = 1
2h

(
Ir(x)
EI(x)

)− 1
2 d

dx

(
Ir(x)
EI(x)

) 1
2

.

By substituting µ = λh into (3.4), we obtain the
following eigenvalue problem:

f (4)(z) + a1(z)f ′′′(z) + a2(z)f ′′(z) + a3(z)f ′(z)
−µ2

[
f ′′(z) + b1(z)f ′(z) − b2(z)f(z)

]
= 0,

B4(f) = f(0) = 0,
B3(f) = f ′(0) = 0,
B2(f) = f ′′(1) + c22

c21
f ′(1)

+c23

c21
κ12µh

−1f ′(1) + c23

c21
αf ′(1)

+ 1
c21

κ11µh
−1f(1) = 0,

B1(f) = f ′′′(1) + c12

c11
f ′′(1) + c13

c11
f ′(1)

−c14

c11
µ2h−2f ′(1) − κ22

c15

c11
µh−1f ′(1)

− 1
c11

κ21µh
−1f(1) − β

c11
f(1) = 0,

(3.5)
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which is equivalent to the system (3.2).

Remark 3.1. The spectrum σ(A) is characterized by
the existence of a non-trivial solution f(z) to (3.5) for
µ = λh, where the function ϕ(x) in the corresponding
eigenfunction (ϕ, λϕ) of A is defined by (3.3).

To analyze problem (3.5), we require the following
lemma (see [1], Lemma 8.2.3, for a detailed proof).

Lemma 3.1. Let h1(x) and h2(x) be two linearly in-
dependent solutions to the second-order linear homoge-
neous differential equation:

(Ir(x)ϕ′(x))′ − r(x)ϕ(x) = 0. (3.6)

Then, there exists a constant Γ such that:

Γ = h′
2(0)h1(1) − h′

1(1)h2(0) ̸= 0. (3.7)

We are now in a position to study the asymptotic
behavior of the eigenvalues of A. To this end, we de-
termine the fundamental solutions of (3.5) and use
them to expand the characteristic determinant of A.
Following the method described in [14], we divide the
complex plane C into four sectors:

Sk :=
{
z ∈ C : kπ2 ≤ arg(z) ≤ (k + 1)π

2

}
,

k = 0, 1, · · · , 3.

Next, let ω1 and ω2 be the two square roots of −1,
ordered such that:

Re(ρω1) ≤ Re(ρω2), ∀ρ ∈ Sk. (3.8)

Specifically, in the sector S0, we choose:

ω1 := ei π
2 = i, ω2 := ei 3π

2 = −i,

and reorder them in each of the remaining sectors to
ensure that inequality (3.8) holds.

Setting µ := ρω1 for ρ in each sector Sk, we re-
call the following result concerning the fundamental
solutions of system (3.5). For more details, see [1, 6].

Lemma 3.2. In each sector Sk, for ρ ∈ S0 with |ρ|
large enough, there are four linearly independent solu-
tions ys(z) for s = 1, 2, 3, 4 of the equation:

f (4)(z) + a1(z)f ′′′(z) + a2(z)f ′′(z) + a3(z)f ′(z)
+ ρ2[f ′′(z) + b1(z)f ′(z) − b2(z)f(z)

]
= 0,

such that for j = 0, 1, 2, 3,

y(j)
s (z; ρ) = h(j)

s (z) + O(ρ−1), s = 1, 2,
y(j)

s (z; ρ) = (ρωs−2)jeρωs−2z
(
y0(z) + O(ρ−1)

)
,

s = 3, 4,
(3.9)

where

y0(z) := exp
(∫ z

0

1
2 [b1(t) − a1(t)] dt

)
,

y0(0) = 1,

and the following equation:

f ′′(z) + b1(z)f ′(z) − b2(z)f(z) = 0,

has two linearly independent solutions:

h1(z) := h1(x(z)), h2(z) := h2(x(z)).

For convenience, we denote [a]1 = a+ O(ρ−1) and
use the fundamental solutions (3.9) in the boundary
conditions B1, B2, B3 and B4. As |ρ| becomes suffi-
ciently large, the eigenvalue problem (3.5) satisfies the
following asymptotic expressions:

B4(ys, ρ) =
{
hs(0) + O(ρ−1) := [hs(0)]1, s = 1, 2,
1 + O(ρ−1) := [1]1, s = 3, 4,

B3(ys, ρ) =
{

[xz(0)h
′

s(0)]1, s = 1, 2,
ρωs−2[1]1, s = 3, 4,

B2(ys, ρ) = y′′
s (1, ρ) + c22

c21
y′

s(1, ρ) + i
c23

c21
κ12ρh

−1y′
s(1, ρ)

+ c23

c21
αy′

s(1, ρ) + i
1
c21

κ11ρh
−1ys(1, ρ),

=



ρ

[
i
c23

c21
κ12h

−1xz(1)h′
s(1) + i

1
c21

κ11h
−1hs(1)

]
1
,

s = 1, 2,

ρ2eρωs−2

[(
ωs−2 + i

c23

c21
κ12h

−1
)
y0(1)ωs−2

]
1
,

s = 3, 4,

B1(ys, ρ) = y′′′
s (1, ρ) + c12

c11
y′′

s (1, ρ) + c13

c11
y′

s(1, ρ)

+ c14

c11
ρ2h−2y′

s(1, ρ) − iκ22
c15

c11
ρh−1y′

s(1, ρ)

− i
1
c11

κ21ρh
−1ys(1, ρ) − β

c11
ys(1, ρ),

=
{
ρ2 [xz(1)h′

s(1)]1 , s = 1, 2,
ρ3eρωs−2

[
y0(1)ω3

s−2 + y0(1)ωs−2
]

1 , s = 3, 4.

The characteristic determinant of (3.5) is given by:

∆(ρ) =

∣∣∣∣∣∣∣∣∣
B4(y1, ρ) B4(y2, ρ) B4(y3, ρ) B4(y4, ρ)
B3(y1, ρ) B3(y2, ρ) B3(y3, ρ) B3(y4, ρ)
B2(y1, ρ) B2(y2, ρ) B2(y3, ρ) B2(y4, ρ)
B1(y1, ρ) B1(y2, ρ) B1(y3, ρ) B1(y4, ρ)

∣∣∣∣∣∣∣∣∣ .
(3.10)

Next, we expand the characteristic determi-
nant (3.10) in the sector S0. By substituting
(Bi(ys, ρ))i=4,3,2,1,s=1,2,3,4 into (3.10) such that ω1 = i
and ω2 = −i, we find
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∆(ρ) =

∣∣∣∣∣∣∣∣∣∣∣

[h1(0)]1 [h2(0)]1
[xz(0)h

′

1(0)]1 [xz(0)h
′

2(0)]1
iρ

[
c23

c21
κ12h

−1xz(1)h′
1(1) + κ11

c21
h−1h1(1)

]
1

iρ

[
c23

c21
κ12h

−1xz(1)h′
2(1) + κ11

c21
h−1h2(1)

]
1

ρ2 [xz(1)h′
1(1)]1 ρ2 [xz(1)h′

2(1)]1
[1]1 [1]1
iρ[1]1 −iρ[1]1

ρ2eρω1

[(
−1 − c23

c21
κ12h

−1
)
y0(1)

]
1

ρ2eρω2

[(
−1 + c23

c21
κ12h

−1
)
y0(1)

]
1

ρ3eρω1 [0]1 ρ3eρω2 [0]1

∣∣∣∣∣∣∣∣∣∣∣
.

Expanding the determinant ∆(ρ) along the third column and the second row, we obtain:

∆(ρ) = − iρ5eρω2xz(1)
(

[h1(0)]1 × [h′
2(1)]1 − [h2(0)]1 × [h′

1(1)]1
)

×
[(

1 − c23

c21
κ12h

−1
)
y0(1)

]
1

− iρ5eρω1xz(1)
(

[h1(0)]1 × [h′
2(1)]1 − [h2(0)]1 × [h′

1(1)]1
)

×
[(

1 + c23

c21
κ12h

−1
)
y0(1)

]
1
.

Factorizing yields the following result:

∆(ρ) = −iρ5y0(1)xz(1)
(

[h1(0)]1 ×
[
h′

2(1)
]

1
− [h2(0)]1 ×

[
h′

1(1)
]

1

)
×
([

1 + c23

c21
κ12h−1

]
1

eρω1 +
[
1 − c23

c21
κ12h−1

]
1

eρω2
)

.

(3.11)

Clearly, we have:

c14

c11
= Ir(1)zx(1)

z3
xEI(1) = Ir(1)

z2
xEI(1) = h2.

From the asymptotic expansion of the characteristic
determinant (3.11), we recall the notions of regularity,
strong regularity and the normalized boundary condi-
tions of problem (3.5) (see [9, 10]).

Definition 3.1. [10] For ρ ∈ S0, an asymptotic ex-
pansion of the characteristic determinant ∆(ρ) is given
by:

if n− p = 2k − 1,
∆(ρ) = ρXpeρΩ ([Θ0(ρ)

]
l
+
[
Θ1(ρ)

]
l
eρωk

)
,

and since ωk+1 = −ωk,

if n− p = 2k,

∆(ρ) =ρXpeρΩ
([

Θ0(ρ)
]

l
+
[
Θ1(ρ)

]
l
eρωk

+
[
Θ2(ρ)

]
l
e2ρωk

)
,

with

Xp := lp+1 + ...+ ln,

Ω := ωk+1 + ...+ ωn−p,

Θi(ρ) = Θi0 + Θi1

ρ
+ ...+ Θil

ρl
, i = 0, 1, 2.

Definition 3.2. [10] A regular problem is said to be
strongly regular if either n− p = 2k − 1 or n− p = 2k

and the quadratic equation:

Θ00 + Θ10ζ + Θ20ζ
2 = 0, (3.12)

has two different roots ζ1, ζ2 ∈ C.

The following theorem formalizes the results dis-
cussed above.

Theorem 3.1. In the sector S0, the characteristic de-
terminant ∆(ρ) of the eigenvalue problem (3.5) has the
following asymptotic expansion:

∆(ρ) = − iρ5y0(1)xz(1)Γ
([

1 + κ12χ
]

1e
iρ

+
[
1 − κ12χ

]
1e

−iρ
)
,

(3.13)

where
Γ = h′

2(0)h1(1) − h′
1(1)h2(0)

is the nonzero determinant defined in (3.7) and

χ = (Ir(1)EI(1))−1/2.

Furthermore, the eigenvalue problem (3.5) is strongly
regular if and only if the following condition holds:

1 − κ12χ ̸= 0. (3.14)

Proof. First, from the characteristic determinant
(3.11), we compute the following:

c23

c21
= zx(1)
z2

x(1)EI(1) = h(Ir(1)EI(1))−1/2 = hχ.
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By taking ω1 = i and ω2 = −i in the sector S0
and substituting into (3.11) , we obtain the expression
(3.13). Secondly, according to Definition 3.1, we have:

Θ00 = 0, Θ10 = 1 + κ12χ,

and Θ20 = 1 − κ12χ.

Since

xz(1) > 0, y0(1) > 0, and Γ ̸= 0,

equation (3.12) has two distinct roots if and only if

1 − κ12χ ̸= 0.

Consequently, strong regularity can be verified directly.
Therefore, the zeros of the characteristic determinant
∆(ρ) are simple when their moduli are sufficiently
large.

It is important to observe that the eigenvalues found
in sectors S1 and S3 coincide with those of S0 and S2
(see [1, 14]). The following theorem concludes this sec-
tion by summarizing the spectral properties of problem
(3.5).

Theorem 3.2.
Let A be the operator defined by (2.4)–(2.5). Assume
that condition (3.14) is fulfilled. Then there exists an
integer N > 0 such that the eigenvalues λk of the prob-
lem (3.5) have the following asymptotic expression:

λk = 1
h

(
1
2ℓ0 ± kπi

)
+ O(k−1),

k ≥ N, k ∈ N,
(3.15)

with

h =
∫ 1

0

(
Ir(ξ)
EI(ξ)

) 1
2

dξ,

and

ℓ0 =


ln
(
κ12χ− 1
κ12χ+ 1

)
, κ12χ > 1

ln
(

1 − κ12χ

κ12χ+ 1

)
+ πi, κ12χ < 1.

(3.16)

Moreover, we have:

Re (ℓ0) = ln
∣∣∣∣κ12χ− 1
κ12χ+ 1

∣∣∣∣ < 0,

and

lim
k→+∞

Re(λk) = 1
2hRe (ℓ0). (3.17)

Proof. We begin by considering the sector S0. Assum-
ing ∆(ρ) = 0, it follows from (3.13) that:(
1 + κ12χ

)
eiρ +

(
1 − κ12χ

)
e−iρ

+ O(ρ−1) = 0.
(3.18)

The corresponding lower-order equation is given by:(
1 + κ12χ

)
eiρ +

(
1 − κ12χ

)
e−iρ = 0. (3.19)

Multiplying this equation by eiρ and rearranging terms,
we obtain:

e2iρ = κ12χ− 1
κ12χ+ 1 . (3.20)

Case 1: If κ12χ > 1, then (3.20) can be written as:

e2iρ = κ12χ− 1
κ12χ+ 1e

0.

By taking the complex logarithm, we find:

2iρk = ln
(
κ12χ− 1
κ12χ+ 1

)
+ 2kπi, k = 1, 2, · · · .

Thus, the roots ρk satisfy:

iρk = 1
2ℓ0 + kπi, k = 1, 2, · · · .

Case 2: If κ12χ < 1, equation (3.20) becomes:

e2iρ = 1 − κ12χ

κ12χ+ 1e
πi.

Applying the complex logarithm yields:

2iρk = ln
(

1 − κ12χ

κ12χ+ 1

)
+ πi+ 2kπi, k = 1, 2, · · · ,

which implies that the roots ρk satisfy:

2iρk = ℓ0 + 2kπi, k = 1, 2, · · · ,

where ℓ0 is defined in (3.16). Consequently, the so-
lutions µ̃k = iρk of (3.19) in the sector S0 are given
by:

µ̃k = iρk = 1
2ℓ0 + kπi, k = 1, 2, · · · .

By applying Rouché’s theorem, the solutions µk of
the full equation (3.18) satisfy, for a sufficiently large
positive integer N :

µk = 1
2ℓ0 + kπi+ O(k−1),

k ≥ N, k ∈ N.
(3.21)

In sector S2, we take ω1 := −i and ω2 := i such that
the inequality (3.8) is verified. Then, we substitute
them in the boundary conditions B1, B2, B3 and B4
to obtain the characteristic determinant in sector S2.
Expanding this determinant, we have:

∆(ρ) =iρ5y0(1)xz(1)Γ
([

1 − κ12χ
]

1e
iρ

+
[
1 + κ12χ

]
1e

−iρ
)
.

The characteristic equation ∆(ρ) = 0 then becomes:

(1 − κ12χ) eiρ + (1 + κ12χ) e−iρ + O(ρ−1) = 0.
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Following the same approach as before, the leading-
order equation is:

(1 − κ12χ) eiρ + (1 + κ12χ) e−iρ = 0.

Multiplying this equation by eiρ and rearranging, we
obtain:

e2iρ = κ12χ+ 1
κ12χ− 1 .

This yields the roots:

iρk = −1
2ℓ0 + kπi, k = 1, 2, · · · .

Recall that in sector S2, the relationship is µ̃ = ρω1 =
−iρ. Consequently,

µ̃k = 1
2ℓ0 − kπi, k = 1, 2, · · · .

For a sufficiently large positive integer N , we have:

µk = 1
2ℓ0 − kπi+ O(k−1),

k ≥ N, k ∈ N.
(3.22)

Finally, using the relation µ = hλ, expressions (3.21)
and (3.22) yield the desired asymptotic distribution of
the eigenvalues:

λk = 1
h

(
1
2ℓ0 + kπi

)
+ O(k−1), k = ±1,±2, · · · .

4. Riesz basis property and stability results
This section is devoted to proving the Riesz basis

property of the eigenfunctions of A and investigating
the stability of system (2.6). As the asymptotic behav-
ior of the eigenvalues λk in (3.15) is consistent with
that in [6], we adopt the methodology presented therein.
We begin by establishing the following estimate for the
resolvent operator.

Lemma 4.1. Let A be the operator defined by (2.4)–
(2.5), and let {νk}k∈Z denote its eigenvalues. For any
δ > 0, there exists a constant M > 0 such that the
resolvent operator R(λ,A) satisfies:

∥R(λ,A)∥H ≤ M |λ|2

for all λ ∈ ρ(A) such that |λ− νk| > δ.

Proof. See [6] for details.

We have the following theorem on the completeness
of the generalized eigenfunctions of the operator A.

Theorem 4.1. Let A be defined as in (2.4)-(2.5). If
1 − κ12χ ̸= 0, then the system of generalized eigenfunc-
tions of A is complete in H.

Proof. See [6] for details.

Theorems 3.2 and 4.1 ensure that all conditions
of Theorem 4.2 in [6] are satisfied. Consequently, we
obtain the following result regarding the growth condi-
tion.

Theorem 4.2. Assume that 1 − κ12χ ̸= 0. Then,
the system (2.6) is a Riesz-spectral system (i.e., the
generalized eigenfunctions of A form a Riesz basis in
H). Furthermore, it satisfies the spectrum-determined
growth condition.

The above theorem guarantees that the optimal de-
cay rate of the energy, denoted by ω(A), is determined
by the spectral abscissa s(A). More precisely,

ω(A) = s(A) = sup{Re(λ) : λ ∈ σ(A)}. (4.1)

We are now in a position to investigate the exponen-
tial stability of system (2.6). Since (3.15) describes
the asymptote of σ(A), for any small ϵ > 0, there are
only finitely many eigenvalues of A in the following
half-plane (see [15]):

Re(λ) > 1
2hRe (ℓ0) + ϵ.

Motivated by the result (4.1), the system (1.1) is expo-
nentially stable if and only if s(A) < 0. The following
lemma demonstrates that Re(λ) < 0 under specific
conditions.

Lemma 4.2. Let λ ∈ σ(A) be the eigenvalue of A
satisfying (3.1). If κ22 = κ11, then, there exists ω0 > 0
such that:

Re(λ) = −ω0 < 0,

where

ω0 = κ21|ϕ(1)|2 + κ12|ϕ′(1)|2

2
∫ 1

0
[
r(x)|ϕ(x)|2 + Ir(x)|ϕ′(x)|2

]
dx

+
(κ11 + κ22)Re

(
ϕ

′(1)ϕ(1)
)

2
∫ 1

0
[
r(x)|ϕ(x)|2 + Ir(x)|ϕ′(x)|2

]
dx
.

(4.2)

Proof. Let (λ, ϕ) satisfy the characteristic equation
(3.1):

λ2r(x)ϕ(x) − λ2(Ir(x)ϕ
′
(x))

′
+ (EI(x)ϕ′′(x))′′ = 0.

(4.3)

Multiplying (4.3) by ϕ and integrating over (0, 1)
with respect to x, we get:

λ2
∫ 1

0
r(x)|ϕ(x)|2dx− λ2

∫ 1

0
(Ir(x)ϕ

′
(x))

′
ϕ(x)dx

+
∫ 1

0
(EI(x)ϕ′′(x))′′ϕ(x)dx = 0.
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Then, performing a double integration by parts, we
have:

λ2
∫ 1

0
r(x)|ϕ(x)|2dx+ λ2

∫ 1

0
Ir(x)|ϕ

′
(x)|2dx

+
∫ 1

0
EI(x)|ϕ′′(x)|2dx+ κ21λ|ϕ(1)|2

+ κ22λϕ
′
(1)ϕ(1) + β|ϕ(1)|2

+ κ11λϕ(1)ϕ′(1) + κ12λ|ϕ
′
(1)|2

+ α|ϕ
′
(1)|2 = 0.

(4.4)

Consider the following algebraic forms:

λ = Reλ+ iImλ,

ϕ
′
(1)ϕ(1) = Re

(
ϕ

′
(1)ϕ(1)

)
+ iIm

(
ϕ

′
(1)ϕ(1)

)
.

After some computations on (4.4), we separate the real
and imaginary parts. Indeed,

(
(Reλ)2 − (Imλ)2) ∫ 1

0

[
r(x)|ϕ(x)|2 + Ir(x)|ϕ

′
(x)|2

]
dx

+ κ21(Reλ)|ϕ(1)|2 + κ12(Reλ)|ϕ
′
(1)|2

+ κ22

(
ReλRe

(
ϕ

′
(1)ϕ(1)

)
− ImλIm

(
ϕ

′
(1)ϕ(1)

))
+ κ11

(
ReλRe

(
ϕ(1)ϕ′(1)

)
− ImλIm

(
ϕ(1)ϕ′(1)

))
+
∫ 1

0
EI(x)|ϕ′′(x)|2dx+ β|ϕ(1)|2 + α|ϕ

′
(1)|2 = 0,

(4.5)

and

2(Reλ)(Imλ)
∫ 1

0

[
r(x)|ϕ(x)|2 + Ir(x)|ϕ

′
(x)|2

]
dx

+ κ22

(
ReλIm

(
ϕ

′
(1)ϕ(1)

)
+ ImλRe

(
ϕ

′
(1)ϕ(1)

))
+ κ11

(
ReλIm

(
ϕ(1)ϕ′(1)

)
+ ImλRe

(
ϕ(1)ϕ′(1)

))
+ κ21(Imλ)|ϕ(1)|2 + κ12(Imλ)|ϕ

′
(1)|2 = 0.

(4.6)

If Imλ = 0, then by (4.5) and Lemma 2.1, we have:

(Reλ)2
∫ 1

0

[
r(x)|ϕ(x)|2 + Ir(x)|ϕ

′
(x)|2

]
dx

+ (Reλ)
(
κ21|ϕ(1)|2 + κ12|ϕ

′
(1)|2

)
+ (Reλ)(κ11 + κ22)Re

(
ϕ

′
(1)ϕ(1)

)
+
∫ 1

0
EI(x)|ϕ′′(x)|2dx+ α|ϕ

′
(1)|2 + β|ϕ(1)|2 = 0.

Thus Re(λ) < 0, because from (2.7) of Lemma 2.2,
we know that:

κ21|ϕ(1)|2 + (κ11 + κ22)Re
(
ϕ

′
(1)ϕ(1)

)
+ κ12|ϕ

′
(1)|2 > 0.

Now, suppose that Im(λ) ̸= 0.

According to Lemma 2.1, we have:

Re(ϕ(1)ϕ′(1)) = Re(ϕ′(1)ϕ(1))
Im(ϕ(1)ϕ′(1)) = −Im(ϕ′(1)ϕ(1)).

Inserting these identities into (4.6) gives:

2ReλImλ
∫ 1

0

[
r(x)|ϕ(x)|2 + Ir(x)|ϕ

′
(x)|2

]
dx

+ (κ22 − κ11)ReλIm
(
ϕ

′
(1)ϕ(1)

)
+ (κ11 + κ22)ImλRe

(
ϕ

′
(1)ϕ(1)

)
+ κ21(Imλ)|ϕ(1)|2 + κ12(Imλ)|ϕ

′
(1)|2 = 0.

(4.7)

Consequently, if Imλ ≠ 0 and κ22 = κ11, then equation
(4.7) becomes:

(Imλ)
[
κ21|ϕ(1)|2 + κ12|ϕ

′
(1)|2

+ 2(Reλ)
∫ 1

0

[
r(x)|ϕ(x)|2 + Ir(x)|ϕ

′
(x)|2

]
dx

+ (κ11 + κ22)Re
(
ϕ

′
(1)ϕ(1)

)]
= 0.

We deduce that:

Reλ = − κ21|ϕ(1)|2 + κ12|ϕ′(1)|2

2
∫ 1

0
[
r(x)|ϕ(x)|2 + Ir(x)|ϕ′(x)|2

]
dx

−
(κ11 + κ22)Re

(
ϕ

′(1)ϕ(1)
)

2
∫ 1

0
[
r(x)|ϕ(x)|2 + Ir(x)|ϕ′(x)|2

]
dx
.

So, Reλ < 0 because

κ21|ϕ(1)|2 + (κ11 + κ22)Re
(
ϕ

′
(1)ϕ(1)

)
+ κ12|ϕ

′
(1)|2 > 0.

Summarizing the discussion above, we give the main
theorem of this paper.

Theorem 4.3. Assume 1 − κ12χ ̸= 0 and κ22 = κ11.
Then, under the conditions (1.4), the system (2.6) is
exponentially stable. Therefore, there are two strictly
positive constants M and γ such that:

E(t) ≤ ME(0)e−γt, ∀t ≥ 0.

Proof. Theorem 4.2 ensures that:
ω(A) = s(A) = sup{Re(λ) : λ ∈ σ(A)}. Lemma 4.2
establishes that Re(λ) < 0, while Theorem 3.2 shows
that the imaginary axis is not an asymptote for the
spectrum. Consequently, we have s(A) < 0, which
completes the proof.

Remark 4.1. The exponential stability demonstrated
in Theorem 4.3 is of significant interest in engineering
and physical sciences, as it guarantees a minimum de-
cay rate of perturbations toward the equilibrium state.
This work generalizes previous studies by incorporating
more comprehensive boundary conditions (1.3). Indeed,
the results in [1,4–8] can be recovered as special cases
by setting certain controls to zero.
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5. Numerical study
This section is devoted to the numerical approxima-

tion of problem (1.1) using the finite element method (cf.
[16–20]). After defining a finite-dimensional subspace of
H2

e , we seek the corresponding Galerkin approximation.
Finally, we present numerical experiments to illustrate
our results.

5.1. Semi-discrete scheme
The first step involves deriving the weak formulation

of the boundary value problem (1.1). By multiplying
equation (1.1) by a test function ϕ(x) ∈ H2

e and fol-
lowing the approach described in (2.1), we obtain the
following weak form:

∫ 1

0
r(x)ytt(x)ϕ(x)dx+

∫ 1

0
Ir(x)yttx(x)ϕx(x)dx

+
∫ 1

0
EI(x)yxx(x)ϕxx(x)dx

+
(
κ11yt(1) + κ12yxt(1) + αyx(1)

)
ϕx(1)

+
(
κ21yt(1) + κ22yxt(1) + βy(1)

)
ϕ(1) = 0.

(5.1)

The second step is the choice of a finite-dimensional
subspace. Let us subdivide the interval [0, 1] into n
intervals [xi, xi+1] of the same length h = xi+1 − xi as
in [21]. Let Vh ⊂ H2

e be the finite-dimensional space
spanned by the Hermite polynomials {ϕi}N

i=1 (with
N = 2n), which form a basis of Vh. The Galerkin finite
element approximation of problem (5.1) is defined as
follows:

Definition 5.1. The finite element approximation of
(5.1) consists in finding yh ∈ C2([0,∞); Vh) such that:∫ 1

0
r(x)(yh)ttϕidx+

∫ 1

0
Ir(x)(yh)ttx(ϕi)xdx

+
∫ 1

0
EI(x)(yh)xx(ϕi)xxdx+ βyh(1)ϕi(1)

+ κ12(yh)xt(1)(ϕi)x(1) + κ11(yh)t(1)(ϕi)x(1)
+ α(yh)x(1)(ϕi)x(1) + κ21(yh)t(1)ϕi(1)
+ κ22(yh)xt(1)ϕi(1) = 0.

(5.2)

For all ϕi ∈ Vh, with the initial conditions:

yh(·, 0) = yh,0 ∈ Vh, (yh)t(·, 0) = yh,1 ∈ Vh.

Equation (5.2) can be transformed into a system of
second-order ordinary differential equations in time by
expanding the solution in the basis of Vh. Specifically,
we look for a function yh ∈ Vh of the form:

yh(x, t) =
N∑

j=1
Yj(t)ϕj(x), (5.3)

where Y (t) = (Yj(t))1≤j≤N is the vector of time-
dependent coefficients. Substituting this expansion
into (5.2), the problem can be expressed in matrix
form as:

MYtt + SYt + KY = 0, (5.4)

where

M = (mij)1≤i,j≤N ,

S = (sij)1≤i,j≤N ,

K = (kij)1≤i,j≤N ,

are given by:

mij =
∫ 1

0

(
r(x)ϕiϕj + Ir(x)(ϕi)x(ϕj)x

)
dx,

sij =
(
κ11ϕj(1) + κ12(ϕj)x(1)

)
(ϕi)x(1)

+
(
κ21ϕj(1) + κ22(ϕj)x(1)

)
ϕi(1),

kij =
∫ 1

0
EI(x)(ϕi)xx(ϕj)xxdx

+ βϕi(1)ϕj(1) + α(ϕi)x(ϕj)x.

Since the matrices M and K are symmetric and positive
definite, they are invertible. It follows that problem
(5.2) has a unique solution yh ∈ C2([0,∞); Vh). Now,
we rewrite equation (5.4) as a system of first-order
ordinary differential equations in time:

d

dt
Y =

(
0 I

−M−1K −M−1S

)
Y,

where Y =
(
Y

Yt

)
. Then, the matrix:

A =
(

0 I
−M−1K −M−1S

)

is the spectral matrix. 0 and I denote the zero and
identity matrices, respectively.

5.2. Numerical experiments
The numerical studies below allow us to graphically

analyze the asymptotic behavior of the system (Fig-
ures 1 to 8). For r = EI = Ir = 1 and under the
condition (1.4), the spectral matrix A is implemented.
The numerical simulations are carried out with MAT-
LAB for N = 100 and h = 1/N .
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Case 1 : Representation of the spectrum.

We fix α = β = 1, κ21 = 4, κ12 = 5.

Fig. 1. Spectrum for κ11 = κ22. Fig. 2. Spectrum for κ11 ̸= κ22.

Case 2 : Influence of control parameters on the spectrum.
α = β = 1, κ11 = κ22 = 2, κ21 = 4.

Fig. 3. Effect of κ12.

α = β = 1, κ11 = κ22 = 2, κ12 = 5.

Fig. 4. Effect of κ21.

β = 1, κ11 = κ22 = 2, κ21 = 4, κ12 = 5.

Fig. 5. Effect of α.

α = 1, κ11 = κ22 = 2, κ21 = 4, κ12 = 5.

Fig. 6. Effect of β.
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Case 3 : Influence of control parameters on the spectrum.
α = β = 1, κ11 = κ22 = 2, κ21 = 4.

Fig. 7. Asymptote for κ11 = κ22.

α = β = 1, κ11 = κ22 = 2, κ21 = 4.

Fig. 8. Effect of κ12 on the asymptote.

Numerical results analysis:
— The eigenvalue distribution illustrated in figure 1 re-
veals that all eigenvalues possess strictly negative real
parts. In contrast, the spectrum in figure 2 includes
positive real parts. This confirms that the system is
exponentially stable under the condition κ11 = κ22, in
accordance with Theorem 4.3.

— Figure 3 illustrates that the spectrum shifts signif-
icantly to the right in the left complex half-plane as
κ12 increases. Conversely, the impact of the control pa-
rameters κ21, α and β on the eigenvalue distribution is
negligible (Figures 4 to 6). Consequently, the moment
control of the rotational velocity κ12 has a greater influ-
ence on the optimal rate of energy decay and appears
to be the determining factor for the system’s stability.

— From figure 7 we can note that the asymptote is
observed at the spectral abscissa −0.2. Under condi-
tion (1.4), the theoretical asymptote (3.17) obtained
for r = EI = Ir = 1 is:

lim
k→+∞

Re(λk) = 1
2hRe (ℓ0) = 1

2 ln
∣∣∣∣κ12 − 1
κ12 + 1

∣∣∣∣ .
For κ12 = 5, the calculated asymptote is

lim
k→+∞

Re(λk) = −0.202, which is in excellent agree-
ment with the spectral abscissa.

6. Comparative discussion, contribution
and applications of results

Previous studies :
Earlier works [5–8] investigated the stability of non-
uniform Rayleigh beams under simple boundary feed-
back laws. These analyses were restricted to decoupled
control mechanisms, addressing only particular cases
of the general approach, such as:{
L1(yt, yxt, yx) = (κ12yxt + αyx) (1, t),
L2(yt, yxt, y) = (κ22yxt + βy) (1, t).

(6.1)

Within this framework, the authors derived the asymp-
totic behavior of the eigenvalues and established both
the Riesz basis property and exponential stability, pro-

vided that the control gains κ12, κ22, α, β ≥ 0. Notably,
these results were obtained without imposing additional
structural assumptions, thereby confirming the robust-
ness of stability under decoupled boundary feedback.

Novelty and main contributions:
The primary contribution of this study is the develop-
ment of a generalized framework for coupled control
laws incorporating velocity, angular velocity, and dis-
placement, such as:{

L1(yt, yxt, yx) = (κ11yt + κ12yxt + αyx) (1, t),
L2(yt, yxt, y) = (κ21yt + κ22yxt + βy) (1, t).

Through a rigorous spectral analysis, it is demon-
strated that exponential stability is preserved under the
critical condition κ11 = κ22, despite the inherent com-
plexity of these coupled laws. Numerical simulations
based on the finite element method further validate
these theoretical results, confirming that the optimal
energy decay rate is determined by the spectral abscissa
of the semigroup generator. This demonstrates that
stability is not only preserved but also optimized under
coupled boundary feedback, thereby extending the
robustness of Rayleigh beam stabilization beyond the
limitations of previous decoupled approaches. Given
that decoupled controls are rare in practical engineering,
this advancement provides a more realistic model for
Rayleigh beams, ensuring that stability is maintained
even under highly generalized boundary conditions.

Applications:
From an engineering standpoint, the results indicate
that efficient vibration suppression of a non-uniform
Rayleigh beam requires careful tuning of boundary
actuators that act simultaneously on bending moments
and shear forces. The Rayleigh beam equation model
examined in this paper is crucial for modeling and
analyzing the long-term behavior of real structures
that are neither uniform nor perfectly rigid. This
model finds its primary applications in fields such as
aviation (aircraft wings) and robotics (flexible robot
arms), where rotatory inertia effects are significant.
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Comparative discussion (Table 1):
Table 1
Comparing coupled and decoupled Rayleigh beam controls.

Model Control Laws Theoretical results Numerical results Contribution

Decoupled controls
(Previous work)

Decoupled linear and
angular velocities

Proven exponential
stability; Riesz basis
established

Energy decay may be
slow or oscillatory
based on parameters

Extension of the
Euler-Bernoulli
model with rotatory
inertia

Coupled controls
(Present work)

Coupled linear and
angular velocities

Generalized
exponential stability;
key condition
κ11 = κ22

Finite element
simulations confirm
robust and optimized
energy decay

Major advancement:
universal and
optimized stability
under coupled
control laws

Limitations:
While this study provides a robust framework for the
stability of non-uniform Rayleigh beams, several physi-
cal and mathematical assumptions should be acknowl-
edged:

• The coefficient functions r(x), I(x), and EI(x)
are assumed to be sufficiently smooth (C4−class)
and strictly positive on [0, 1]. These requirements
are standard for ensuring mathematical regularity
and the well-posedness of the system.

• The boundary control laws are linear and applied
only at the free end.

• The control coefficients α, β, κ11, κ22, κ12, κ21 are
non-negative, and the following dissipativity con-
dition must be strictly satisfied to guarantee en-
ergy decay:

4κ12κ21 > (κ11 + κ22)2.

Although these assumptions effectively ensure
the exponential stability of the system, the linear
nature of the model implies a focus on small os-
cillations, which may limit its direct applicability
to systems experiencing large deformations. Fu-
ture investigations could extend this analysis to
non-linear control laws to address high-amplitude
vibrations or explore structures with more com-
plex, non-homogeneous boundary conditions.

7. Conclusion
In this work, we considered a general Rayleigh beam

model with variable coefficients subject to a full family
of coupled boundary controls. The key contributions
of this paper are as follows.

• Well-posedness of the system: we employed the
well-known semigroup theory to prove that the
system is well-posed.

• Exhaustive spectral analysis: using the spectral
method to estimate the eigenvalues, we demon-
strated that their asymptotic expansions depend
exclusively on the moment control of the rota-
tional velocity.

• Exponential stability: we established that the
optimal energy decay rate is determined by the
spectral abscissa. Consequently, we deduced that
the system is exponentially stable if the moment
control associated with velocity and the force
control associated with rotational velocity are
equal.

• Physical interpretation: the asymptotic expres-
sion (3.17) proves that the spectrum remains
bounded away from the imaginary axis, which is
an essential condition for proving exponential sta-
bility via the Riesz basis theorem. Furthermore,
the requirement κ22 = κ11 established in this
work indicates that achieving optimal dissipation
necessitates a balance between shear forces and
bending moments. This finding aligns with estab-
lished active control strategies used in structural
engineering.

• A numerical investigation: we used the finite ele-
ment method to reduce the boundary value prob-
lem to a first-order differential equation, ensuring
rigorous simulations.

By integrating general boundary conditions, we have
successfully stabilized a vibrating Rayleigh beam.
These results extend and improve several existing find-
ings in the study of Rayleigh models. The numerical
simulations carried out have confirmed the theoretical
results obtained in this paper. These results represent
a significant advancement in the control of non-uniform
Rayleigh beams, offering greater flexibility through
multi-parameter control.
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